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Abstract.
In the present work, we investigate a uniqueness of solution of the inverse source
problem with non-local conditions for mixed parabolic-hyperbolic type equation with
Caputo fractional derivative. Solution of the problem we represent as bi-orthogonal
series with respect to space variable and will get fractional order differential equations
with respect to time-variable. Using boundary and gluing conditions, we deduce system
of algebraic equations regarding unknown constants and imposing condition to the
determinant of this system, we prove a uniqueness of considered problem. Moreover,
we find some non-trivial solutions of the problem in case, when imposed conditions are
not fulfilled.
1 Formulation of a problem
Consider an equation
f(x) =
{
CD
α
0tu− uxx, t > 0,
CD
β
t0u− uxx, t < 0
(1.1)
in a rectangular domain Ω = {(x, t) : 0 < x < 1, −p < t < q}. Here α, β, p, q ∈ R such
that 0 < α ≤ 1, 1 < β ≤ 2, f(x) is unknown function,
CD
α
0tg =


1
Γ (1− α)
t∫
0
g′ (z)
(t− z)α
dz, 0 < α < 1,
dg
dt
, α = 1,
CD
β
t0g =


1
Γ (2− β)
0∫
t
g′′ (z)
(z − t)β−1
dz, 1 < β < 2,
d2g
dt2
, β = 2
are Caputo fractional differential operators [1, 92 p., form. (2.4.16)].
Problem. Find a pair of functions (u(x, t), f(x)) in a domain Ω, satisfying
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i) regularity conditions u(x, t) ∈ C
(
Ω
)
, uxx(x, t) ∈ C
2 (Ω+ ∪ Ω−), CD
α
0tu ∈ C (Ω
+),
CD
β
t0u ∈ C(Ω
−), f(t) ∈ C(0, 1);
ii) equation (1.1) in Ω+, Ω−;
iii) boundary conditions
u(0, t) = u(1, t), ux(0, t) = 0, −p ≤ t ≤ q, (1.2)
u(x,−p) = 0, u(x, q) = 0, 0 ≤ x ≤ 1, (1.3)
iv) and transmitting condition
lim
t→+0
CD
α
0tu(x, t) = lim
t→−0
∂u(x, t)
∂(−t)
, 0 < x < 1, (1.4)
where Ω+ = Ω ∩ {t > 0}, Ω− = Ω ∩ {t < 0}.
Solution of this problem we represent as follows:
u(x, t) = V0(t) +
∞∑
k=1
V1k(t) cos 2kpix+
∞∑
k=1
V2k(t) · x sin 2kpix, t ≥ 0, (1.5)
u(x, t) = W0(t) +
∞∑
k=1
W1k(t) cos 2kpix+
∞∑
k=1
W2k(t) · x sin 2kpix, t ≤ 0, (1.6)
f(x) = f0 +
∞∑
k=1
f1k cos 2kpix+
∞∑
k=1
f2k · x sin 2kpix, (1.7)
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where
V0(t) = 2
1∫
0
u(x, t)(1− x) dx, t ≥ 0,
V1k(t) = 4
1∫
0
u(x, t)(1− x) cos 2kpix dx, t ≥ 0,
V2k(t) = 4
1∫
0
u(x, t) sin 2kpix dx, t ≥ 0,
W0(t) = 2
1∫
0
u(x, t)(1− x) dx, t ≤ 0,
W1k(t) = 4
1∫
0
u(x, t)(1− x) cos 2kpix dx, t ≤ 0,
W2k(t) = 4
1∫
0
u(x, t) sin 2kpix dx, t ≤ 0,
f0 = 2
1∫
0
f(x)(1− x) dx,
f1k = 4
1∫
0
f(x)(1− x) cos 2kpix dx,
f2k = 4
1∫
0
f(x) sin 2kpix dx.
(1.8)
Detailed explanation of this representation can be found in [2, p.62], which is based
on [3,4].
We would like note some works [5-7], where local and non-local inverse source prob-
lems for time-fractional diffusion and diffusion-wave equations were studied. Especially,
work by M.Kirane and S.A.Malik [8], where similar non-local conditions were in use.
Based on (1.8), we introduce similar functions with small shift into to the interior of
the considered domain. Then applying appropriate Caputo fractional operators, after
integrating by parts, we deduce
CD
α
0tV0(t) = f0, t ≥ 0, (1.9)
CD
β
t0W0(t) = f0, t < 0, (1.10)
CD
α
0tV1k(t) + (2kpi)
2V1k(t) = f1k + 4kpiV2k(t), t ≥ 0, (1.11)
CD
β
t0W1k(t) + (2kpi)
2W1k(t) = f1k + 4kpiW2k(t), t < 0, (1.12)
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CD
α
0tV2k(t) + (2kpi)
2V2k(t) = f2k, t ≥ 0, (1.13)
CD
β
t0W2k(t) + (2kpi)
2W2k(t) = f2k, t < 0. (1.14)
General solutions of (1.9) and (1.13) can be written as [1, p.231, form. (4.1.66)]
V0(t) = V0(0) +
f0
Γ(α + 1)
tα, (1.15)
V2k(t) = V2k(0)Eα,1
(
−(2kpi)2tα
)
+ f2kt
αEα,α+1
(
−(2kpi)2tα
)
, (1.16)
respectively. Here
Eα,β(t) =
∞∑
k=0
zk
Γ(αk + β)
, α, β > 0
is the Mittag-Leffler function of two parameters [9, p.17].
General solution of equation (1.11) we write as
V1k(t) = V1k(0)Eα,1
(
−(2kpi)2tα
)
+ f1k · t
α · Eα,α+1
(
−(2kpi)2tα
)
+
+ 4kpi · V2k(0) · t
α · E1
(
1, 1; 1, 1 | − (2kpi)2tα
α + 1, α, α; 1, 1; 1, 1 | − (2kpi)2tα
)
+
+ 4kpi · f2k · t
2α ·E1
(
1, 1; 1, 1 | − (2kpi)2tα
2α + 1, α, α; 1, 1; 1, 1 | − (2kpi)2tα
)
.
(1.17)
Based on [1, p.232, form. (4.1.74)], general solution of (1.10) we write as
W0(t) = W0(0)− tW
′
0(0) +
f0
Γ(β + 1)
(−t)β . (1.18)
Similarly, we can write general solution of (1.14) as follows
W2k(t) = W2k(0)Eβ,1
(
−(2kpi)2(−t)β
)
− tW ′2k(0)Eβ,2
(
−(2kpi)2(−t)β
)
+
+ f2k(−t)
βEβ,β+1
(
−(2kpi)2(−t)β
)
.
(1.19)
General solution of (1.12) has a form
W1k(t) = W1k(0)Eβ,1
(
−(2kpi)2(−t)β
)
− tW1k
′(0)Eβ,2
(
−(2kpi)2(−t)β
)
+
+ f1k · (−t)
β
Eβ,β+1
(
−(2kpi)2(−t)β
)
+
+ 4kpi ·W2k(0) · (−t)
β
E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
+
+ 4kpi ·W2k
′(0) · (−t)β+1E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
β + 2, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
+
+ 4kpi · f2k · (−t)
2β
E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
2β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
,
(1.20)
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Here
E1
(
γ1, α1; γ2, β1 |x
δ1, α2, β2; δ2, α3; δ3, β3 |y
)
=
∞∑
m,n=0
(γ1)α1m(γ2)β1n
Γ(δ1 + α2m+ β2n)
·
xm
Γ(δ2 + α3m)
·
yn
Γ(δ3 + β3n)
is the Mittag-Leffler type function in two variables, introduced by Garg et al in [10,
form. (11)].
Now, using conditions (1.2)-(1.4) we find unknown constants f0, f1k, f2k,
V0(0), V1k(0), V2k(0), W0(0),W1k(0),W2k(0),W
′
0(0),W
′
1k(0),W
′
2k(0).
Found solutions we substitute into the condition (1.3) and deduce
W0(0) + pW0
′(0) +
f0
Γ (β + 1)
pβ = 0, (1.21)
W1k(0)Eβ,1
(
−(2kpi)2pβ
)
+ pW1k
′(0)Eβ,2
(
−(2kpi)2pβ
)
+ f1kp
βEβ,β+1
(
−(2kpi)2pβ
)
+
+ 4kpi ·W2k(0) · p
βE1
(
1, 1; 1, 1 | − (2kpi)2pβ
β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2pβ
)
+
+ 4kpi ·W2k
′(0) · pβ+1E1
(
1, 1; 1, 1 | − (2kpi)2pβ
β + 2, β, β; 1, 1; 1, 1 | − (2kpi)2pβ
)
+
+ 4kpi · f2k · p
2βE1
(
1, 1; 1, 1 | − (2kpi)2pβ
2β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2pβ
)
= 0,
(1.22)
W2k(0)Eβ,1
(
−(2kpi)2pβ
)
+ pW2k
′(0)Eβ,2
(
−(2kpi)2pβ
)
+
+ f2kp
βEβ,β+1
(
−(2kpi)2pβ
)
= 0,
(1.23)
V0(0) +
f0
Γ (α + 1)
qα = 0, (1.24)
V1k(0)Eα,1
(
−(2kpi)2qα
)
+ f1kq
αEα,α+1
(
−(2kpi)2qα
)
+
+ 4kpi · V2k(0) · q
αE1
(
1, 1; 1, 1 | − (2kpi)2qα
α + 1, α, α; 1, 1; 1, 1 | − (2kpi)2qα
)
+
+ 4kpi · f2k · q
2αE1
(
1, 1; 1, 1 | − (2kpi)2qα
2α+ 1, α, α; 1, 1; 1, 1 | − (2kpi)2qα
)
= 0,
(1.25)
V2k(0)Eα,1
(
−(2kpi)2qα
)
+ f2kq
αEα,α+1
(
−(2kpi)2qα
)
= 0. (1.26)
Considering u(x,+0) = u(x,−0), which follows from u(x, t) ∈ C
(
Ω
)
, we get
V0(0) = W0(0), V1k(0) = W1k(0), V2k(0) = W2k(0). (1.27)
Based on (1.9), (1.11), (1.13), we deduce
lim
t→+0
CD
α
0tV0(t) = f0,
lim
t→+0
CD
α
0tV1k(t) = f1k + 4kpiV2k(0)− (2kpi)
2
V1k (0) ,
lim
t→+0
CD
α
0tV2k(t) = f2k − (2kpi)
2V2k(0).
(1.28)
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Now we calculate d
d(−t)
W0(t),
d
d(−t)
W1k(t) and
d
d(−t)
W2k(t). One can easily deduce that
d
d(−t)
W0(t) = W
′
0(0) +
f0
Γ(β)
(−t)β−1. (1.29)
From (1.19) we find
d
d(−t)
W2k(t) = W2k(0)
d
d(−t)
Eβ,1
(
−(2kpi)2(−t)β
)
+
+W ′2k(0)
d
d(−t)
(
−tEβ,2
(
−(2kpi)2(−t)β
))
+
+ f2k
d
d(−t)
(
(−t)βEβ,β+1
(
−(2kpi)2(−t)β
))
.
We use formula of differentiation (see [9], p.21, form. (1.82))
RLD
γ
0t
(
tαk+β−1E
(k)
α,β (λt
α)
)
= tαk+β−γ−1Eα,β−γ ((λt
α) ,
where RLD
γ
0t(·) is the Riemann-Liouville fractional derivative of order γ [1], E
(k)
α,β(t) =
dk
dtk
Eα,β(t). After some evaluations we deduce
d
d(−t)
W2k(t) = −W2k(0)(2kpi)
2(−t)β−1Eβ,β
(
−(2kpi)2(−t)β
)
+
+W ′2k(0)Eβ,1
(
−(2kpi)2(−t)β
)
+
+ f2k(−t)
β−1Eβ,β
(
−(2kpi)2(−t)β
)
.
(1.30)
By similar way, using the following formula (see [10], form. (33))
RLD
γ
ax
{
(x− a)δ1−1E1
(
γ1, α1; γ2, β1 |w1(x− a)
α2
δ1, α2, β2; δ2, α3, δ3, β3 |w2(x− a)
β2
)}
=
(x− a)δ1−γ−1E1
(
γ1, α1; γ2, β1 |w1(x− a)
α2
δ1 − γ, α2, β2; δ2, α3; δ3, β3 |w2(x− a)
β2
)
,
we deduce
d
d(−t)
W1k(t) = −(2kpi)
2W1k(0)(−t)
β−1Eβ,β
(
−(2kpi)2(−t)β
)
+
+W ′1k(0)Eβ,1
(
−(2kpi)2(−t)β
)
+ f1k(−t)
β−1Eβ,β+1
(
−(2kpi)2(−t)β
)
+
+ 4kpiW2k(0)(−t)
β−1E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
β, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
+
+ 4kpiW ′2k(0)(−t)
βE1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
+
+ 4kpif2k(−t)
2β−1E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
2β, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
.
(1.31)
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From (1.29)-(1.31) we get
lim
t→−0
d
d(−t)
W0(t) = W
′
0(0), lim
t→−0
d
d(−t)
W1k(t) = W
′
1k(0), lim
t→−0
d
d(−t)
W2k(t) = W
′
2k(0).
(1.32)
Considering (1.28) and (1.32) we have
f0 = W
′
0(0),
f1k + 4kpiV2k(0)− (2kpi)
2V1k(0) = W
′
1k(0),
f2k − (2kpi)
2V2k(0) = W
′
2k(0).
(1.33)
From (1.21), (1.24) and first relations of (1.27), (1.33) we get the following system of
equations 

W0(0) +
(
pβ
Γ(β + 1)
+ p
)
W ′0(0) = 0,
W0(0) +
qα
Γ(α+ 1)
W ′0(0) = 0,
f0 = W
′
0(0).
(1.34)
If
∆0 = p+
pβ
Γ(β + 1)
−
qα
Γ(α + 1)
6= 0, (1.35)
then we find that
f0 = W
′
0(0) = V0(0) = W0(0) = 0. (1.36)
Now from (1.22), (1.23), (1.25), (1.26) and last two relations of (1.27), (1.33), we
obtain another system of equations


f1k = W
′
1k(0) + (2kpi)
2W1k(0)− 4kpiW2k(0),
f2k = W
′
2k(0) + (2kpi)
2W2k(0),
W2k(0) +W
′
2k(0)
[
pβEβ,β+1
(
−(2kpi)2pβ
)
+ pEβ,2
(
−(2kpi)2pβ
)]
= 0,
W2k(0) +W
′
2k(0)q
αEα,α+1
(
−(2kpi)2qα
)
= 0,
W1k(0) +W
′
1k(0)
[
pβEβ,β+1
(
−(2kpi)2pβ
)
+ pEβ,2
(
−(2kpi)2pβ
)]
= 0,
W1k(0) +W
′
1k(0)q
αEα,α+1
(
−(2kpi)2qα
)
= 0.
(1.37)
Further, assuming
∆k = p
βEβ,β+1
(
−(2kpi)2pβ
)
+pEβ,2
(
−(2kpi)2pβ
)
− qαEα,α+1
(
−(2kpi)2qα
)
6= 0, (1.38)
we get
V1k(0) = V2k(0) = W1k(0) = W2k(0) = W
′
1k(0) = W
′
2k(0) = f1k = f2k = 0. (1.39)
8 M. S. Salakhitdinov, E. T. Karimov
If conditions (1.35), (1.38) hold, then based on (1.5)-(1.7), due to (1.36), (1.39) we
have
1∫
0
u(x, t)(1− x) dx = 0,
1∫
0
u(x, t) sin 2kpix dx = 0,
1∫
0
u(x, t)(1− x) cos 2kpixdx = 0,
1∫
0
f(x)(1− x) dx = 0,
1∫
0
f(x) sin 2kpix dx = 0,
1∫
0
f(x)(1− x) cos 2kpix dx = 0, k = 1, 2, ...
According to the completeness of the system {1, cos 2kpix, x sin 2kpix} in L2[0, 1],
we can state that u(x, t) = 0 a.e. in [0, 1] for t ∈ [−p, q] and f(x) = 0 a.e. in [0, 1].
Now we formulated above obtained result as the following
Theorem 1.1. If conditions (1.35), (1.38) hold, then problem has only trivial solution.
2 Nontrivial solutions of the problem
We consider case, when conditions (1.35), (1.38) are not fulfilled. Let ∆0 = 0 for some
p, q. Then problem has nontrivial solution of the form
u(x, t) = u0(t), f(x) = f0, (2.1)
here
u0(t) =


tα − qα
Γ(α + 1)
f0, t ≥ 0,[
(−t)β − pβ
Γ(β + 1)
− t− p
]
f0, t ≤ 0,
f0 6= 0 is arbitrary constant.
If ∆k = 0 for k = m ∈ N, i.e. ∆m = 0, then considered problem has nontrivial
solutions of the form
um(x, t) =
{
V1m(t) cos 2mpix+ V2m(t)x sin 2mpix, t ≥ 0,
W1m(t) cos 2mpix+W2m(t)x sin 2mpix, t ≤ 0,
(2.2)
fm(x) =
{
Eα,1
(
−(2mpi)2qα
)
W ′1m(0)+
+4kpiqαEα,α+1
(
−(2mpi)2qα
)
W ′2m(0)
}
cos 2mpix+
+ Eα,1
(
−(2mpi)2qα
)
W ′2m(0)x sin 2mpix,
(2.3)
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where
V1m(t) = W
′
1m(0)
{
tαEα,α+1
(
−(2mpi)2tα
)
Eα,1
(
−(2mpi)2qα
)
− qαEα,α+1
(
−(2mpi)2qα
)
×
− ×Eα,1
(
−(2mpi)2tα
)}
+ 4kpitαW ′2m(0)
{
qαEα,α+1
(
−(2mpi)2qα
)
×
×
[
Eα,α+1
(
−(2mpi)2tα
)
− E1
(
1, 1; 1, 1 | − (2kpi)2tα
α + 1, α, α; 1, 1; 1, 1 | − (2kpi)2tα
)]
+
+tαEα,1
(
−(2mpi)2qα
)
E1
(
1, 1; 1, 1 | − (2kpi)2tα
2α + 1, α, α; 1, 1; 1, 1 | − (2kpi)2tα
)}
,
V2m(t) =
{
tαEα,α+1
(
−(2mpi)2tα
)
Eα,1
(
−(2mpi)2qα
)
−
−qαEα,α+1
(
−(2mpi)2qα
)
Eα,1
(
−(2mpi)2tα
)}
W ′2m(0),
W1m(t) =
{
(−t)βEα,1
(
−(2mpi)2qα
)
Eβ,β+1
(
−(2mpi)2(−t)β
)
−
−qαEα,α+1
(
−(2mpi)2qα
)
Eβ,1
(
−(2mpi)2(−t)β
)}
W ′1m(0)+
+ 4kpi(−t)βW ′2m(0)
{
qαEα,α+1
(
−(2mpi)2qα
)
×
×
[
Eβ,β+1
(
−(2mpi)2(−t)β
)
−E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)]
−
− tE1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
β + 2, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)
+
+(−t)βEα,1
(
−(2mpi)2qα
)
E1
(
1, 1; 1, 1 | − (2kpi)2(−t)β
2β + 1, β, β; 1, 1; 1, 1 | − (2kpi)2(−t)β
)}
W2m(t) =
{
(−t)βEα,1
(
−(2mpi)2qα
)
Eβ,β+1
(
−(2mpi)2(−t)β
)
−
− qαEα,α+1
(
−(2mpi)2qα
)
Eβ,1
(
−(2mpi)2(−t)β
)
− −tEβ,2
(
−(2mpi)2(−t)β
)}
W ′2m(0).
Here W ′1m(0),W2m(0) are arbitrary non-zero constants.
Remark 1. If conditions (1.35), (1.38) are not fulfilled, there exist nontrivial solutions
of the considered problem and they have form (2.1) or (2.2)-(2.3).
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